If the topology of the universe is compact we show how it significantly changes our assessment of the naturalness of the observed structure of the universe and the likelihood of its present state of high isotropy and near flatness arising from generic initial conditions.We also identify the most general cosmological models with compact space.
Interest has grown steadily in the possibility that the universe may be finite in volume but not possess positive spatial curvature [1] . Textbook expositions of cosmology largely ignore this possibility, but there are many reasons to contemplate the prospect of an open universe with a compact topology [2] . Many compact spaces of negative curvature can possess unusually small volumes and actions, and formulations of quantum cosmology require spatial finiteness in order for cosmological wave-functions to exist. Spacetimes that tunnel out of 'nothing' may be more likely to emerge with small compact spaces of negative curvature than as closed universes. It is interesting that the curvature radius of a compact open universe provides a characteristic length-scale to which any topological scale of periodicity might be simply related. For the more philosophically minded, the prospect of an infinite cosmological space may be unattractive because any event occurring here and now with finite probability must be occurring infinitely often elsewhere [3] . Observations of the expansion of the universe now imply that it will continue expanding forever, and only a compact spatial topology can reconcile this with a universe of finite volume. However, this is not the only effect of a compact topology upon the expansion of the universe. Topology is a global property that can exert a powerful local impact. Indeed, we shall see that it can introduce a radically new element into our attempts to understand the structure of the universe.
One of the imperatives of modern gravitation research has been to reconcile the observed properties of the universe with those that emerge from generic initial conditions. The general cosmological solution of Einstein's equations is specified by 4 arbitrary 3-dimensional functions of space in vacuum and by 8 such functions if a perfect fluid is present. Nonetheless, the universe we observe is within one part in 10 5 of a special isotropic and spatially homogeneous (SH) solution with zero curvature characterised by a single parameter. This surprisingly close proximity of our visible universe to a state that is isotropic and homogeneous, and almost spatially flat, is difficult to understand if matter has always obeyed conventional equations of state and exerted an attractive gravitational stress. Under such circumstances we know that isotropic expansion will not be the end-result of long-term expansion: isotropic universes are unstable. Moreover, any perturbation from exact spatial flatness will also grow as the expansion proceeds: to arrive at the present state of near flatness after 14 billion years of expansion requires a fantastic degree of initial fine tuning. A favourite resolution of these paradoxes is to give up the assumption that matter was always gravitationally attractive. If the density ρ and pressure p, violate the strong energy condition, so that ρ + 3p < 0, for some sufficiently long interval of time in the very early history of the universe, then the expansion will temporarily accelerate and can be driven arbitrarily close to an isotropic state of zero curvature. Such an interlude of accelerated expansion is called 'inflation' [4] .
Remarkably, if an open universe possesses compact topology, many of these problems are transformed and the present state of the universe appears natural even in the absence of inflation. The simplest arena in which to make a complete analysis is provided universes which are anisotropic but spatially homogeneous. There are only nine such universes, first classified by Bianchi as types I − IX [5] , [6] , and their general solutions possess 4 (or 8) constants in vacuum (or with perfect fluid) content, respectively. The behaviour of these universes has only been extensively studied when space is not compact, [7] . In non-compact space, a small neighbourhood of generic SH initial conditions containing the open Friedmann universe evolves asymptotically towards a family of anisotropic plane-wave spacetimes of Bianchi type V II h , whilst generic flat universes approach universes of Bianchi type V II 0 with small expansion anisotropy and bounded curvature anisotropy. This scenario changes dramatically if the topology of space is compact because compact topology introduces severe restrictions on the anisotropies that can exist in universes with zero or negative curvature [8] .
Anisotropic universes can be viewed as isotropic universes to which particular gravitational waves are added. The periodic boundary conditions that the waves must satisfy on compact negatively curved spaces are extremely restrictive because their flow is chaotic. As a result, no anisotropic open universes with compact spaces are possible at all when they contain Friedmann universes as particular cases. In particular, the Bianchi V II h anisotropies that cause the generic instability [7] of open isotropic Friedmann universes with non-compact spaces can no longer exist. Remarkably, in the presence of any anisotropy at all, flat compact universes are more likely than open universes if they contain Friedmann universes as special cases. The situation in non-compact flat and open universe which inspired the invention of inflation is completely reversed. There is no flatness problem.
What are the most general SH universes when space has a compact topology? In general, the addition of spatial compactness to open or flat spaces introduces additional parameters (see Table 1 ). This is due to the appearance of the moduli degrees of freedom and to a decrease in the freedom of diffeomorphisms connecting physically equivalent solutions. For example, in the case of a simple 3-torus, we must specify the lattice in the Euclidean 3-space so as to define the 3-torus in a rotationally invariant way. We need 3 parameters to specify the lengths of 3 vectors generating the lattice and 3 parameters to specify the relative direction angles of these vectors. Hence, adding their time derivatives, we need 12 parameters. If we take into account the Hamiltonian constraint and the time translation freedom, the total number reduces to 10. By contrast, without compactness the total is only 1.
In Table 1 we see that when compactness is not assumed for open and flat spaces, the four most general SH universes are those of Bianchi types V I h , V II h , V III and IX [9] . When all spaces are compact, no universes of type V I h can exist, whilst those of type V II h must be isotropic and are no longer generic. Moreover, universes of type IX which contain the Friedmann closed universes of positive curvature now cease to be among the most gen- eral. One significant feature of the parameter count in the spatially compact open universes is the difference between the counts for vacuum and perfect fluid models. Among the spatially compact vacuum Bianchi models, the type I model can be the most generic unlike in the usual situation with noncompact topology, where it is the least generic. In contrast, when a perfect fluid is present, the parameter count for type V II 0 models is always larger than that for type I models in any given space topology. Therefore, the most general locally homogeneous perfect-fluid spacetimes that include the flat isotropic model are the type V II 0 models in the spatially compact case just as they are in the non-compact case. But when we come to ask what is the most general universe of all, a new and unusual situation emerges. The Bianchi type V III universes become the most general when space is compactified in a complicated way (see Table 1 ). In this case, the parameter count increases over the non-compact case by the number of moduli degrees of freedom, N m . Since each compact space with the full type-V III spatial anisotropy possesses a unique Seifert bundle structure over an orientable compact orbifold covered by the hyperbolic plane, N m is expressed in terms of the genus g and the number, k, of conic singularities of the base orbifold, as N m = 2k + 6g − 6.
Hence the parameter count increases without bound as the topology becomes more and more complicated. What is interesting for this type is that if we restrict the model to the locally rotationally symmetric (LRS) case, the moduli degrees of freedom increases to
for the same topology. This increase can beat the decrease in the dynamical degrees of freedom describing the local geometry if g > 3.
1 This result is intriguing, because Bianchi type III or V III models do not contain Friedmann universes as special cases -although they can get arbitrarily close to them. This suggests that it is most probable for a universe to have approximate LRS type III or V III symmetry on large scales if its space is compact and the observed region of the universe is sufficiently flat. This will be directly reflected in the pattern of the microwave background radiation on large angular scales.
We have found that topology has a major impact upon the possible forms that expanding universes can take. Almost all previous investigations of compact universes have assumed isotropic expansion. However, the introduction of any finite anisotropy reveals the impact of topology: anisotropic curved spaces are not easy to sustain. If their topology is required to be compact then the possibilities become fewer still [10] .
Many questions remain to be answered. Does the introduction of inhomogeneities restrict the possible universes still further? How does the possibility of additional dimensions of space change the constraints that topology imposes upon deviations from perfectly isotropic expansion.? While at present it is very difficult to prove strong results about inhomogeneous spaces, we can expect an extension of the results in the SH type V II h system because the rigidity theorem used to derive them was formulated in a very general way. The theorems of Borel [11] and Mostow [12] imply that a broad class of compact spaces do not admit an anisotropic, locally homogeneous metric in any dimension [13] . This suggests a powerful extension of our results to more general situations and in higher dimensions.
If space is compact then its high level of isotropy and proximity to flatness becomes far less mysterious. Compact open universes are necessarily isotropic when they are homogeneous; flat universes are more probable than open or closed universes; and the most general universes that lie close to isotropy and homogeneity are expected to possess a complex topology whose signature may have left an indelible imprint in the microwave background radiation. Maybe a small world is simpler after all.
